Dynamic scattering corrections were calculated for 40 k V electrons diffracted by randomly oriented fcc clusters of argon and of gold atoms ranging in size from \3 to 135 atoms. Computations were carried out according to several variants of two limiting theoretical approaches. namely. the direct summing up of atomic contributions calculated through single-single and single--double scattered waves by modifications of Glauber theory. and the extrapolation to limitingly small crystallites of conventional dYHamic theory in the BlacklTlan and Fujimoto formulations. For the small clusters studied. integrated intensities of diffraction rings (through single-double scatterings) calculated for three dimensional crystallites differ insignificantly from Glauber theory intensities calculated by projecting atomic potential energies onto a plane perpendicular to the mean direction of the incident and scattered wave vectors. The fractional dynamic correction increases with cluster size very nearly as N 2/3 in both the Glauber and Blackman-Fujimoto limiting treatments. For crystalline clusters 8-20 A in diameter. the dynamic effect calculated by summing single-double scatterings is a/1 order oj magnitude larger than that according to Blackman-Fujimoto theory. For argon clusters the dynamic effect is not serious; but according to our direct sums. dynamic corrections for 16 A spheres of gold are surprisingly large. exceeding 25% for III reflections. Since the direct sums have been verified experimentally for several vapor-phase molecules. the present work indicates that. in the limit of very small,Scatterers. extrapolations from conventional two-beam dynamic theory may seriously underestimate the magnitude of dynamic effects.
I. INTRODUCTION
Recent advances in the study of extremely small nucleation clusters by electron scattering techniques 1 -3 have stimulated renewed interest in the theory of dynamic scattering. Subtle deviations have been observed between experimental scattered intensities and intensities calculated for idealized structures according to kinematic theory. While a persuasive case can be made that these deviations reveal differences between the packing of atoms in small aggregates and the packing in bulk crystals, 1 it is prudent to assess the extent to which dynamic scattering may distort intensities and becloud interpretations. Despite the widespread feeling4 that dynamic effects can be disregarded for electrons in the 50 kV range scattered by randomly oriented crystallites less than 30-50 A across, clear and Significant dynamic manifestations are apparent in the scattering patterns of single gas-phase molecules containing no more than six or seven atoms. 5-7 Therefore it is not obvious that dynamic scattering can be safely neglected in the scattering by clusters. Indeed, we shall show that in the limit of small clusters, dynamic effects are more than an order of magnitude larger than suggested by conventional two-beam theory I Conventional dynamic scattering theoryB has been successful in accounting for observations with relatively large crystallites 9 (well in excess of 50 A), but difficulties are encountered in applying it to very small systems. Blackman 10 was the first to extend Bethe's theoryB to the treatment of intensities of diffraction rings obtained from thin polycrystalline films. His calCUlations were applicable strictly only to scattering by homogenous parallel-sided slabs. More recently, 
Fuj imoto
ll developed Fengler's theory12 employing higher Born approximations and adapted it to spherical crystallites embedded in parallel-sided foils. His results were similar to those of Blackman but characterized more precisely the relation between crystallite size, ring intensities, and ring breadths. Nevertheless, not even FUjimoto's elegant approach yielded a rigorous treatment for clusters of arbitrary shape and structure, and the extrapolation all the way down to systems with relatively small numbers of molecules is uncertain. Therefore, it is fortunate that theories developed to treat dynamic scattering by gas-phase molecules 6 ,13-15 can be reduced to a form tractable enough to treat randomly oriented clusters of arbitrary shape and structure containing 100 atoms or more. In the next section we outline the approach.
II. THEORY

A. Modified eikonal approximation
Various treatments of intramolecular multiple scattering of electrons by gas molecules have been published.
6 ,13-20 An approach which yielded comparatively simple analytical expressions for intensities averaged over all molecular orientations 6 ,13 is the Glauber 21 highenergy approximation. In this eikonal 22 approach, which is closely related to one developed by Moliere, 23 the scattering factor for an electron with incident momentum 1ik experienCing a static potential energy V(r) in a target molecule is
where the momentum transfer lis is Ii(k -k'), with k'
Copyright © 1977 American Institute of Physics representing the scattered wave vector, and the magnitude of 8 is 2k sin( 8/2), where 8 is the scattering angle. The semiclassical phase shift x(p) is given by
where K is a unit vector along the z, axis, P is the impact parameter perpendicular to K, and the z, axis is chosen in the simplest variant of Glauber theory to be parallel to k or, in a modified variant, to be parallel to k+k'. If the potential energy is taken to be the sum L VI (PI + Kz n of potential energies associated with atoms i, j, k, ... , Eq.
(1) can be expressed as 
where HIJ is zero in the pure eikonal approximation, and l ~ is a mean-square amplitude of vibration defined in Ref. 6 . The other quantities can be understood in terms of the following construction. Pass a line through atom k that intersects at right angles a line through atoms i and j. Let r l , r J , and r" be the distances of atoms i,j, and k from this intersection, point O. Then the quantities
and sr" in the argument of the cylindrical Bessel function Jo(sr,,) are defined. The above equations can be applied to any structure with specified atomic positions and amplitudes of thermal motion.
Inasmuch as eikonal theory is applicable to the range
where d is the distance over which the potential energy is appreCiable, this inequality21 is surely violated in the range of scattering angles of interest if d is a distance in a crystallite. The aspect of the eikonal theory leading to the restrictions in Eq. (7) is the assumption that electron trajectories in the target are all parallel to vector K. Therefore, Glauber theory has been modified in its treatment of IIJ to allow waves scattered by the first atom, i, enountered to propagate in the space between the first scattering and a subsequent scattering by atom j. 13 In the case where rlJ is large compared with the scattering length of atom i, the resultant modification of Eq. (6) A Born series can be expressed in the form of Eq. (3)14,24 and (if it converges properly) it represents an arbitrarily exact solution of Schr6dinger's equation for potential scattering (elastic scattering, neglecting effects of polarization and inelastic scattering). The approach in the present paper assumes that the modified Glauber solution adequately represents single and double scattering, and that higher order interactions than double scattering may be neglected. This surely cannot be true for crystallites of any great Size, but it is reasonable to regard Eqs. (6) and (8) as expressing the magnitude of dynamic scattering in the limit of small clusters of atoms. The virtue of the equations is that they can be applied to clusters of arbitrary shape and structure, with any thermal motion it is desired to conSider, simply by regarding a cluster as a giant molecule. Since a sum over all combinations of threeatom fragments k, ij, is required, the number of terms to be handled increases rapidly as the number of atoms, N, increases. Only nonlinear k-i-j groupings will contribute OSCillatory single-double interference terms to the diffraction pattern. In the case of N= 13 atoms 16.4 packed in an fcc array, there are 840 such groups to be included, many of which are equivalent. If N is increased to 135 (the maximum value we have treated to date), there are more than one million k-i-j groups, making it essential to use an efficient computer code to search for, compute, and store the desired interactions. Our program required 45 sec for N= 55 and 10 min for N= 135 on a Univac 1110.
B. Blackman-Fujimoto theory
We shall review the conventional dynamical theory for calculating intenSities of Debye-Scherrer rings in electron diffraction only in sufficient detail to specify the equations we used in computations to compare theories. Blackman's integrated intensities scattered by the hkl planes in a polycrystalline film of thickness H can be expressed 10 (9) if H is small enough, where If., is the averaged intensity calculated by dynamic theory, If", is the corresponding quantitY according to kinematic theory, and (10) where (1£2/2me) Vhkl is the Fourier coefficient of the potential energy of the electron in the film, k' is the wave vector magnitude of the electron in the film, and 8 2 is the (fairly small) angle between the directions of the reflected wave and the normal to the surface of the crystal. In the present study of fcc crystallites with four atoms per cell, (11) where a o is the lattice parameter, / is the electron atomic scattering factor, and Shkl is the value of the angular variable S at which the hkl plane reflects. In the remainder of the paper we shall take k'''' k and cos8 2 '" 1 with a loss of accuracy small compared with the disparity between the modified eikonal and conventional dynamic theories. 
where A has the same meaning as before if the association D = 1. 291 H is made to relate the Fuj imoto diameter to the Blackman thickness. Fujimoto also derives an expression for the integral line breadth of the DeybeScherrer ring which deviates significantly from the kinematic breadth as parameter A increases. While the ring intenSity profiles are calculated directly in the present research, our values of A are too small to afford a useful comparison of line breadths with the Fujimoto theory. Indeed, the precise meaning of indiVidual ring intensities I h., becomes muddy with our exceedingly small crystallites.
III. COMPUTATIONS FOR fcc CLUSTERS
Clusters of argon or gold atoms in cubic closest packing geometries were selected to serve as scatterers in direct calculations of differential cross sections for 40 kV electrons according to Eqs. (5) (11) in the course of applying Fujimoto's theory. For sake of argument, it was assumed that all amplitudes of vibration Ii} and IJ. were 0.2 A.. Since electron diffraction patterns are almost invariably taken with the aid of rotating sectors to screen out differentially the excessively strong scattering at small angles, we have multiplied our calculated differential cross sections by a factor of S3 to simulate the effect of a standard sector.
IV. RESULTS
Results of applying the modified eikonal theory expressed in Eqs. (5), (6), and (8) to 40 kV electrons scattered by argon and by gold clusters are shown in Figs. 1 and 2 . In these illustrations the smooth atomic background corresponding to the diagonal terms in Eq. (5) has been deleted and the single-single (kinematic, 1 2 ) and single-double (dynamic, 1 3 ) interference terms are shown with 13 augmented by constant factors for Simplicity of representation. Line shapes as well as intensities of the Debye-Scherrer rings can be seen. As Ngets larger, the rings (1 2 ) and ring corrections (1 3 ) become narrower and ultimately, in the limit of large N, they would show up as sharp spikes on a smooth background. In order to compare ring intensities calculated by the modified Glauber theory9 with the integrated intensities of Fujimoto, 11 it is helpful to draw smooth backgrounds representing baselines for the rings in the diagrams of ring profiles. In the case of the kinematic curves, 1 2 , the baselines should pass smoothly below the interference oscillations. For the Fig. 1 except that dynamic corrections are multiplied by a factor of only 2. ancy between Glauber theory extended to large systems and Fujimoto theory extrapolated to small N. Since the 12 and 13 ring breadths are comparable, we have assumed for simplicity that integrated ring intensities are proportional to the differences between the curves of Figs. 1 and 2 and their smooth baselines (not illustrated).
Perhaps the simplest comparison between the modified eikonal theory and the conventional dynamic theory for crystals is given by t.I/I, the ratio of dynamic ring corrections to the kinematic ring intensities [i. 
V. DISCUSSION
The most important results of this work can be summarized in six pOints:
(1) For clusters in the range 13 <s N<s 135, the difference between the dynamic corrections of Glauber theory [Eq. (6) with all Hi} = 0] and modified Glauber theory [Eq. (6) with HiJ according to Eq. (8)] is minor, notwithstanding the large differences for many k, ij components as illustrated in Fig. 2 of Ref. 13 . There are small differences in detail, but magnitudes differ too little to warrant plots of each. In the following, then, the deSignation Glauber theory pertains to any variant discussed above.
(2) For small clusters, the fractional dynamic cor- (5) Dynamic corrections for argon crystallites with N:::: 100 are only 3% or less according to Glauber theory. As the crystallites increase in size, the scattering conditions probably conform more and more closely to those of conventional dynamic theory which predicts dynamic effects of 3% or less at N= 10 000. Therefore, dynamic distortions can be neglected with little risk when interpreting electron diffraction patterns from nucleation clusters in terms of cluster structure with the aid of kinematic theory.
(6) By contrast, dynamic corrections for gold crystallites a mere 16 A in diameter already exceed 25% according to Glauber theory. Contrary to some published speculations 26 that Blackman theorylD is too pessimistic 27 for very small crystallites, it now appears manyfold too optimistic I Some details involved in the above points deserve amplification. The apparent difference between Glauber and Fujimoto rates of attenuation of Al ! I with increasing scattering angle (Point 4) may, in some measure, be misleading. For very small crystallites the rings become increasingly blurred together as s increases and, furthermore, the dynamic correction troughs deviate more from exact registry with the kinematic diffraction peaks. In Fig. 4 , the Glauber points used Al and I values at their respective extremes rather than at a common s value. Therefore, the meaning of Al / I at larger s values is somewhat different for the Glauber plots than for the Fujimoto plots.
Points 2 and 3 taken together, and Fig. 3 , give no clear indication that the Glauber single-double scattering corrections Al /1 will ever link smoothly with the Fujimoto curves at larger N, where Fujimoto theory should become a much better approximation. Clearly, as N increases, the single -single (kinematic) and single-double scattering terms become insufficient, and single-triple, double-double, and higher order terms begin to be needed. Clearly, also, as N decreases, the Fujimoto approximations become less rigorous. There is no evidence that there is any range of N in which the single-double scattering and the Fujimoto theories are both, simultaneously, reasonably good approximations. It is reasonable that, at larger N, higher order scatterings reduce Al just as AI (singledouble) reduces the interference peaks 1 2 , Is there any evidence, then, that the Glauber theory at the single-double scattering level constitutes an adequate description for clusters, at least in the limit of small N? The answer seems to be yes according to studies of certain cases for which the Born approximation is tractable, because the two approaches were found to yield similar answers 6 ,14 for the very small clusters treated (i. e., gas-phase molecules). Even more convincing is the agreement with experiment in the cases studied including ReFs, 5, 6 IOF 5 , 7 and XeOF 4 • 7 How large N can be before the single-double treatment is insufficient has not been establiShed. Calculations including only Single-double scatterings become rapidly encumbered with enormous numbers of terms as N increases over 100. Calculations explicitly including higher order terms would become formidable. But the single-double scattering treatment, which warns of surprisingly large effects for 16 A gold clusters, must certainly be superior to the kinematic treatment usually applied and, in this range, more reliable than the conventional dynamic theory for crystals. For such minute crystallites conventional dynamic treatments are too difficult to carry out rigorously, particularly in the case of crystallites of arbitrary shape and arbitrary internal structure that can be handled in a straightforward way by the Glauber approach. In view of the increaSing importance of electron diffraction studies of nucleation clusters, the application of an eikonal scattering theory may prove to be useful.
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